Abstract. An analytic model is derived for electromagnetic rf wave propagation in a plasmafilled waveguide with rf sheath boundary conditions. The model gives a simplified description of the rf fields and sheath potentials near an ICRF antenna under certain conditions. It assumes an equilibrium magnetic field that is slightly tilted from the normal to the current straps. The rf fields and sheath voltage are calculated in the low-density limit and for the general plasma dielectric using an ordering. The model shows that the launched fast wave couples to a slow wave to satisfy the sheath BC, and the sheath capacitance modifies the relative voltage drops across the plasma and the sheaths. The phasing dependence of the sheath voltage is shown, and a condition is given for validity of the vacuum-field sheath model.
INTRODUCTION
ICRF waves have been used successfully to heat and drive current in many fusion experiments, but optimizing the coupling is often difficult. Launching MW of fast wave (FW) power across the scrape-off-layer (SOL) requires control of the sheath (and other nonlinear) interactions associated with the unwanted but parasiticallycoupled slow wave (SW). 1 RF sheaths have been modeled using a "vacuum-rf-field sheath" approximation, but codes with quantitative predictive capability will require a more self-consistent approach. We have proposed incorporating quantitative sheath calculations into rf codes by using an rf sheath boundary condition (SBC). 2, 3 Work is in progress to implement the SBC in the TOPICA antenna code 4 and in other rf codes.
Here, we illustrate its use for antenna sheaths, both as a guide to the physics and as a test case for future benchmarking of antenna codes. The present model illustrates a number of effects of sheath capacitance on the rf field and voltage distribution, and we derive a condition for the validity of the vacuum-rf-field sheath model. The "tenuous plasma" limit (  1  ,  1  ,  1 || >> ε << ε = ε × ⊥ ) of this work has already been published; 5 more background and details of the calculation are available in that paper. The present paper describes the generalization of the model 6 to include the full plasma dielectric tensor (  1  ,  1 || >> ε ε ε × ⊥ ) allowing treatment of FW launch in arbitrary density plasmas.
THE MODEL
We incorporate the sheath BC into a calculation of electromagnetic wave (coupled FW and SW) propagation in a waveguide filled by a constant density plasma. The model approximates the fields near the front face of a FW antenna, where the density is low but plasma effects can still be important. The FW is launched at x = 0, propagates in the +x direction, and is a standing wave in z. We assume 0 k y = , which is valid near the poloidal midplane of an ICRF antenna. The FW is polarized in the y direction. The magnetic field is ), and the magnetic field lines intersect conducting walls at L z ± = . Referred to a tokamak, (x, y, z) correspond to the radial, poloidal, and toroidal directions, respectively.
We solve the wave propagation problem using a perturbation expansion with 1 b y << , assuming a definite FW parity in z. When 0 or 0 b y ≠ ε ≠ × , the launched FW wave also drives a small component with SW polarization ( 0 E || ≠ ). The amplitude of the SW is chosen such that the total rf field (FW + SW) satisfies the sheath BC. The assumption of definite parity in z is well satisfied at the antenna midplane (y = 0) for a typical two-strap ICRF antenna, with E || having even (odd) parity in z corresponding to monopole (dipole) phasing.
RF FIELD SOLUTION
The wave equation is given by
is the usual plasma dielectric tensor. 5 Instead of specifying the antenna current, we set J a = 0 and specify the fast wave amplitude E 0y at x = 0. For a homogeneous plasma the dispersion relation is given by
(1) When 0 = ε × , the first (second) bracket gives the FW (SW, for n x 2 << ε || ) dispersion relation. The following BCs 2,3 are imposed at the sheath-plasma interface, z = +L (for solutions with definite parity the BC at z = -L is redundant.):
where k y = 0 was used in the last step. This SBC is derived using the continuity of the normal component of D and the tangential components of E across the sheath-plasma interface. The terms || k ε ∆ ∝ are due to the sheath capacitance, where ∆ is the sheath width in z. In the limit 0 → ∆ , we recover the usual "metal wall" BC, viz. that the tangential component of E vanishes.
We carry out the solution for
to first order in y b . 5, 6 In lowest order, we specify the parity of the FW field, )
) for monopole (dipole) phasing. We solve for its polarization and for 
RF SHEATH SOLUTION
The rf sheath voltage is obtained by integrating E || across the sheath, )
is the field on the plasma side of the sheath-plasma interface. In the tenuous-plasma limit 5 and including both phasings, the normalized sheath potential
) for monopole (dipole), and V vac is the vacuum-rffield sheath potential estimate in monopole phasing (for the lowest mode satisfying the BCs at L z ± = ). Equation (4) implies that the SBC solution reduces to the vacuum model result in the limit 5 1 n ) L / ( 
, n x satisfies Eq. (1), and only terms y b ∝ were kept in the numerator (valid below a threshold density). Additional terms in the numerator, proportional to × ε , will be discussed elsewhere. 6 Note that the FW spectrum allowed by the BC is ...
In Fig. 1 , we plot V vs density for the lowest (n = 0) mode using the result in Eq.
(5). The other parameters are b y = 0.1, L = 50 cm, f = 45 MHz, B = 30 kG, and T e = 30 eV. For these parameters, the vacuum-field sheath result is recovered only at very low density ( A plot using Eq. (4) yields identical results for 
. The sheath potential vanishes at the FW cut-off ( 0 n 2 x = ) density. At very high density (not shown in Fig. 1 ) V has a large resonance-like peak, which requires further study. The numerical solution also shows that at fixed density V drops rapidly with connection length L. Thus, the approximate vacuum-rf-field sheath model is more likely to apply on field line segments with shorter connections to the sheaths.
In Eqs. (4) and (5) 
CONCLUSIONS
This analytic model describes a number of plasma corrections to the vacuum-rffield sheath model. Most of these corrections result from the sheath capacitance and can be described by treating the sheath as a thin vacuum ( . The sheath potential calculated here reduces to the vacuum-rf-field result in the limit 1 n ) L / ( 2 zf >> ∆ , which is hard to obtain for realistic antenna parameters unless L is short. Finally, the tenuous plasma model is accurate for densities below cut-off in Fig. 1 
